The generalized Chen's conjecture on biharmonic submanifolds asserts that any biharmonic submanifold of a non-positively curved manifold is minimal
Biharmonic submanifolds and the generalized Chen's conjecture
We work on the category of smooth objects so all manifolds, maps, and tensor fields discussed in this paper are smooth unless there is an otherwise statement.
A biharmonic map is a map ϕ : (M, g) −→ (N, h) between Riemannian manifolds which is a local solution of the 4th order PDEs The conjecture was proved to be true for biharmonic surfaces in R 3 (by Jiang [Ji2] and Chen-Ishikawa [CI] independently) and for biharmonic hypersurfaces in R 4 ( [HV] ). Dimitrić [Di] showed that the conjecture is also true for any biharmonic curve, any biharmonic submanifold of finite type, any pseudo-umbilical biharmonic submanifold M m ⊂ R n with m = 4, and any biharmonic hypersurface in R n with at most two distinct principal curvatures. However, the conjecture is still open in general.
In the same direction of classifying proper biharmonic submanifolds of nonpositively curved manifolds, Caddeo, Montaldo and Oniciuc [CMO2] proved that any biharmonic submanifold in hyperbolic 3-space H 3 (−1) is minimal, and any pseudo-umbilical biharmonic submanifold M m ⊂ H n with m = 4 is minimal. It is also shown in [BMO1] that any biharmonic hypersurface of H n with at most two distinct principal curvatures is minimal. All these results suggest the following generalized Chen's conjecture on biharmonic submanifolds which was proposed by Caddeo, Montaldo and Oniciuc [CMO1] :
The generalized Chen's conjecture: any biharmonic submanifold of (N, h) with Riem N ≤ 0 is minimal (see e.g., [CMO1] , [MO] , [BMO1] , [BMO2] , [BMO3] , [Ba1] , [Ba2] , [Ou1] , [Ou2] , [IIU] ).
The gaol of this paper is to prove that the generalized Chen's conjecture for biharmonic submanifolds is false. We accomplished this by using the idea of constructing foliations of proper biharmonic hyperplanes in a conformally flat space given in [Ou1] . The idea is to determine a conformally flat metric on R m+1 so that a foliation by the hyperplanes defined by the graphs of linear functions becomes a proper biharmonic foliation. It turns out that when m = 4 the system of biharmonic equations reduces to a single equation which has infinitely many solutions including counter examples to the generalized Chen's conjecture.
Foliations of conformally flat spaces by biharmonic hyperplanes
As conformally flat spaces are going to play a central role in this paper we summarize, in this section, some basic definitions and the relations between various curvatures of two Riemannian manifolds which are conformally related. Two Riemannian metrics g andḡ on M are conformally equivalent, ifḡ = e 2σ g for some function σ on M. A map ϕ : (M, g) −→ (N, h) between Riemannian manifolds is conformal if ϕ * h = e 2σ g for some function σ on M. Say two Riemannian manifolds (M, g) and (N, h) are conformally diffeomorphic, if there exists a conformal diffeomorphism from one space into another. A Riemannian manifold (M m , g) is a conformally flat space if for any point of M there exists a neighborhood which is conformally diffeomorphic to the Euclidean space R m . It is well known that any two-dimensional Riemannian manifold is conformally flat due to the existence of isothermal coordinates. Let ∇, R, Ric, K (respectively∇,R,Ric,K) denote the Levi-Civita connection, Riemannian curvature, Ricci curvature, and sectional curvature of the Riemannian metric g (respectivelyḡ = e 2σ g). Then, it is not difficult to check (see also [Ha] and [Wa] ) the following relations between the connections and the curvatures of the two Riemannain metrics that are conformally equivalent:
With respect to local coordinates {x i } and the natural frame {
where we have used the notation
By contracting (4) we havē
where ∆ and ∇ denote the Laplacian and the gradient operator defined by the metric g.
Let P be a section spanned by an orthonormal basis X, Y with respect to g (henceX = e −σ X,Ȳ = e −σ Y form an orthonormal basis with respect toḡ). Then, we have the relationship between the sectional curvatures with respect to metricsḡ and g given by
We also need the following theorem which will be used to prove our main theorem about biharmonic hypersurfaces in a conformally flat space.
be an isometric immersion of codimension-one with mean curvature vector η = Hξ. Then ϕ is biharmonic if and only if: Now we are ready to prove one of the main theorems of this paper.
Theorem 2.2. For positive integer m ≥ 2, let a i , i = 1, 2, . . . , m and c be constants. Then, the isometric immersion ϕ :
) into the conformally flat space is biharmonic if and only if one of the following three cases happens
(i) f ′ = 0, in this case ϕ is minimal (actually, totally geodesic), or (ii) m = 4 and f is a solution of the equation
, where A and B are constants. [Ou1] .
In this case each hyperplane is a proper biharmonic hypersurface. This recovers a result (Theorem 3.1) obtained earlier in

Proof. Using the notations
, we can easily check that {ē α = f (z)∂ α , α = 1, 2, . . . , m + 1} constitute an orthonormal frame on the conformally flat space (R m+1 , h). One can also check that
constitute a natural frame adapted to the hypersurface with η being a normal vector. Applying Gram-Schmidt orthonormalization process to the natural frame
or by a straightforward checking one can verify the following
vector fields
11) * AND LIANG TANG form an orthonormal frame adapted to the hypersurface z = m i=1 a i x i + c with ξ = e m+1 being the unit normal vector field.
with σ = ln f (z). It follows that
Using the fact that∇ ∂α ∂ β = 0, ∀ α, β = 1, 2, . . . , m + 1, and the relation
we can compute the Levi-Civita connection ∇ of the conformally flat metric h with respect to the orthonormal frame {ē i } to get
.
A further computation using (13) yields
and
On the other hand, one can use the relation e i = C 
where grad g is the gradient defined by the induced metric on the hypersurface.
into (17) we obtain
Noting that ξ = e m+1 is the unit normal vector field we can easily compute the components of the second fundamental form to get h(e i , e i ) = ∇ e i e i , e m+1 = − ∇ e i e m+1 , e i = −k m f ′ , h(e i , e j ) = ∇ e i e j , e m+1 = − ∇ e i e m+1 , e j = 0, i = j, from which we conclude that each hyperplane z = m i=1 a i x i + c is a totally umbilical hypersurface in the conformally flat space and all principal normal curvature are equal to
It follows that
and the norm of the second fundamental form is given by
A further computation gives
(H)] ( and by Gauss formula) (26)
where in obtaining the last equality we have used the identity
which can be proved by mathematical induction on m ≥ 2.
Substituting (19), (20), (21), (22), (23), (26), and A(grad g H) = H grad g H into biharmonic equation (7) we conclude that the isometric immersion ϕ is biharmonic if and only if
The second equation of (28), and hence the system (28) itself, can be solved by considering the following three cases. Case 1. f ′ = 0 (which implies H = −k m f ′ = 0) gives the trivial solution. In this case, ϕ is actually totally geodesic since its image is a hyperplane in a space that is homothetic to a Euclidean space. Case 2. a i f f ′′ = 0, i = 1, 2, . . . , m (which, together with (23), implies grad g H = 0). In this case the first equation of (28), with the aid of △ M H = 0 and (26), can be reduced to
If f f ′′ = 0, then Equation (29) reduces to f ′ = 0, which gives the trivial solution again, i.e., the hypersurfaces are minimal. If f f ′′ = 0, then all a i = 0, i = 1, 2, . . . , m, and hence k m = 1. Thus, Equation (29) reduces to f f ′′ − 2(f ′ ) 2 = 0 which has solutions f (z) = 1 Az+B , where A, B are constants. Case 3. m = 4. In this case, the biharmonic equation (28) reduces to
from which we obtain Equation (8).
Summarizing the above results we obtain the theorem.
The generalized Chen's conjecture on biharmonic submanifolds is false
In this section, we will show that Equation (8) has many solutions including counter examples to the generalized Chen's conjecture.
Lemma 3.1. Let A > 0, B > 0, c be constants, R 5 + = {(x 1 , . . . , x 4 , z) ∈ R 5 : z > 0} be the upper-half space, and f :
t . Then, for any t ∈ (0, 1/2) and any (a 1 , a 2 , a 3 , a 4 ) ∈ S 3 2t 1−2t
, the isometric immersion
with ϕ(x 1 , . . . , x 4 ) = (x 1 , . . . , x 4 , 4 i=1 a i x i + c) is proper biharmonic into the conformally flat space.
Proof. We try to find special solutions of Equation (8) which have the form f (z) = (Az + B)
t . In this case, we have f
. Substituting these into Equation (8) and using the assumption that A, B > 0 we have
which is equivalent to
Solving the inequality 2t 1−2t > 0 we conclude that for any t ∈ (0, 1/2) and (a 1 , a 2 , a 3 , a 4 ) ∈ S and (
. Then, by Lemma 3.1, we have a proper biharmonic isometric immer-
(x 1 + x 2 + x 3 + x 4 ) + c). Proof. Let f (z) = (Az + B) t . Then, as in the proof of Theorem 2.2, we usē e i = f (z)∂ i , i = 1, . . . , 5 to denote the orthonormal frame on (R
. Let P be a plane section at any point and suppose that P is spanned by an orthonormal basis X, Y . Then, we have X =
Using sectional curvature relation (6) and the fact that the sectional curvatureK(p) of (R
2 ) vanishes identically we find the sectional curvature of the conformally flat space to be
where σ = ln f (z). A straightforward computation gives
Similarly, we have
from which we have
which is strictly negative since [(a , the isometric immersion
with ϕ(x 1 , . . . , The following corollary can be used to construct proper biharmonic submanifolds of any codimension in a nonpositively curved manifold. with ϕ(x 1 , . . . , x 4 ) = (x 1 , . . . , x 4 , 4 i=1 a i x i + c) be one of the proper biharmonic hypersurface given in Theorem 3.3 and ψ : R n −→ R n ×R k−1 ≡ (R n+k−1 , h 0 ) with ψ(y) = (y, 0) be the totally geodesic embedding of a subspace into a Euclidean space. Then, the isometric embedding φ : R 4 × R n −→ R 5 + × R n+k−1 , h + h 0 with φ(x, y) = (ϕ(x), ψ(y)) gives a submanifold of codimension k. Since φ is biharmonic with respect to each variable separately and it is proper biharmonic with respect to x-variable by Theorem 3.3, we can use Proposition 2.1 in [Ou2] to conclude that φ is a proper biharmonic embedding. Thus, the image of φ provides a proper biharmonic submanifold of codimension k. Since, by Lemma 3.2, the conformally flat space (R 5 + , h = (Az + B) −2t ( 4 i=1 dx i 2 + dz 2 )) has negative sectional curvature and the Euclidean space (R n+k−1 , h 0 ) has zero curvature, their product R 5 + × R n+k−1 , h + h 0 gives a space of nonpositive curvature. Thus, we obtain the corollary.
